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SI—IAPING ELECTRON BEAMS WITH QUADRUPOLE MAGNETS
by W. T. Llnk

_ T-h_is report examines theoretically the possibility of obtaining

electron beams of elliptical cross section by passing electron beams of

‘circular cross section through quadrupole magnets. Several basic concepts

rust be introduced.

1. _ Beam Rays

"Consider a beam of electrons to consist of many separate rays.

Then each ray is followed separately through a éystem of magnéfs and

drift spaces. The ray is completely specif.ied at any distance élong its

trajectory by its horizontal and vert1ca1 distances x and y from the cen‘ter

line, by its horizontal and vertlcal slopes x' and y with respect to the

center line, and by the momentum p of the electrons inthe ray.
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2. ~Phase Space and Phase Space Area

If at a given z each ray in a beam is measured and its position is

plotted against its slope, the result is a phase space plot.

FIGURE 2. Phase Space Plots

- One must specify both horizontal and vertical positioné and slopes,
and horizontal and vertical phase space plots result. The points in these

Phase space plots often lie within roughly elliptical boundaries and this is .

assumed in Figure 2.

- The eillipses in Figure 2 are specified by the parametric e.quatic')ns .

= 8 - 8+ |
x X cos (Bx + ﬂfx) | y Y QQS (Y ‘by) B
- Foas - o 1= T _
x | X' sin (Ei£ lllx) | . y. Y gin (By ¢Y)
A = mXXl.cos 2V R A = mY Y cos2Yy -
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.Here 'ex, GY are pararﬁeters which when _varied cause the equations to |
~trace out the ellipses. ¢X and \IJY are constants which determine the slopes
of the ellipses, and X, X', Y, Y' as shown in Figure 2 are the half sizes of

" the ellipses. In most of the low current density beam transport theqry- '
found in the literature,the areas Ax and A of the two e.ll'i'pses (or of what-
ever s.hap'e is appropriate) are assumed constant. Figure 4 illustrates the
beha{rior of a phase spa;ce plot as a beam translates through a position of
.mini_mum size or a focus. Note the areas of the phase space plots are the
same, although X and. \['X vary widely at different pqints along the beam. |

[

3. The Transport Matrix

Write the position and slope of a ray as a 2 x 1 mairix

The matrix representing the ray changes as the ray translates along

the z axis. Then quite generally

Xl ab Xo

. fab). ' :
The matmx[c d] is called a transport matrix and is said to transport the beam

from z to Z - The three examples in Figure 3.'i11ustr_fate this.
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Examples of the transport matrix
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‘4. Transporting the Phase Space Ellips.e

) . . : 1
Assume a phase space ellipse Xo, Xo’ IIJO changes into Xl’ Xl’ llrl ,

. by passing through :va.rious transport elements summarized in the single

- : ab
-t t matri .
~transport ma l‘lX(C d)

Then X = 2% + % (XY - 22bX X' sinzy

B 1 -0 - ol _ o O o i
. 2 ' :

- (X']Z=czx + @ (x)% - 2caX X' sinz}y

1 o o _ o o (o]
. ] = ! 3 - _ ! b
, X] sin 2 (‘,i Xo XO sin 2 llJO (2d+b ) | )_((2) ac (Xo) d

= B — - '
A TrXOXO colelJO TT XI'XI cos 21111

5. The Description of a Focus

A beam is said to be-focused wherever it passes through a minimum

~in size. A beam may have different horizontal and vertical focii. A beam

of finite phase space area can never have zero size, for then
A = XX' cos 2y, X=0, thereforeX' = = 4 .

Also a beam is focused when cos 2 | = 1, i.e., when the phase space ellipse

is not tilted. Figure 4 illustrates this.
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FIGURE 4. A Beam Drifts into a Focus and Out Again.

= =. T = = T,
Note that Ao Al AZ and Xo Xl = Xl2

6. The Quadrupole Lens

The most flexible and probably the most common beam-focusmg device

~is the quadrupole lens. Beam transport theory mu.st deal separately with the

~two-planes x and y, and the quadrupole lens is a strlkmg example of this, for

-

~a quadrupole lens focuses in one ‘plane and defocuses in the other plane.

Quadrupole lenses vary in Welght from ounces to tons and in- aperture from 1/2 in.

to 5 ft.  The 1ens is deflned magnetically by a gradlent k and an effectlve magnetlc
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.length L., Thus B = ky, BY = kx and the transport propertiés of the lens

are given by

: 1
cos U I, . — sin u L

Xl M- Xo
_— = . '
Xl -1 sin U L cos U L Xo

. 1 : - . )

cosh W L — sinh U Li
1 = t
YI’ Yo

U sinh u L _cosh uw L.

1/2
xVE L, L mv
u_BPE H -

e 7
' ' %o Y
- These transport matrices transpor’l:(}(;1 and( 1) at the entrance of the
' . 4] Ve Yo
quadrupole-to{xl\ and yPl)a’c the exit of the quadrupole. It is useful to
N 1 1

consider a thin quadrupole lens in which the length L 'O and k = « in such .

. kL 1
a way that -]_E’;—p- - T where F is finite, i.e., F is some focal length.

Then _
' K \ (1 o\/x
= 1 I Q )
t - — 1 1
. X_ x \Xo
. _ ' - thin lens, F = Be .
o L o . = kI,
o (n) . _ A .
y.l l 1 y.l'
1/ F. Vo
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Now a few practical considerations. For 3-MeV electrons, Bp = 10
BR . ‘
gauss cm. k = r , where BR is the magnetic field at the maximum radius
R. Then
LR BR - radians per cm.
F  Bp 4 P :

10°R

Now BR can easily be as large as 104 gauss, and reasonable values of L. and

- o 1 | 104 10
R are L=10cm, R=2 cm, and — = —/ = 5 radians per cm, or
: F 2 104 :

F = 1/5 em. This shows that the extremely short focal length of 1/5 cm is éasily
.obtained and in the following it is asswmed thzi any reasor}able‘-foical length B
can be obtained simply by adjusting the cufrent in a thin electromagnet |
quadrupole. A limit on the shortness of focai -:length is the desir#bility of.
Preserving sbme semblance of tﬂe'paraxial case, and the necessity of obtaining
a focus outside the finite length of -tI;e quadrupole magnet. Fairly arbitrarily,
the largest angular deflection of any ray permitted in this analysis .is about

30° (400 in a few cases).

7. Some Remarks

The determinant of any linear transport matrix is unity. This can be an

extremely convenient check on calculations.

To completely specify a beam, one must include momentum spread
and this forces the theory into three vectors and three by three matrices.

A :
Thus if 4P is the fractional difference of the momentum of any ray from

P
: . : : - ] s s v v ¢ s
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" the mean momentum P,

1 o -
L ! R
xl -— | d .e f Xo .
AP AP
—— 3 ;f' bl |
P ghi/\p |

One can then write the transfer matrices for bending magnets Wlth

suitable edge angles and magnetic field gradients.

““Simultaneous focus in both planes can be obtained.with gquadrupole

- doublets or triplets.

Some references:

1. Beam Transport, A Selected, Annbtat_ed Bibliography, Robert R.
Kepple, ANL-6602

2. Steffen, K. G., High Energy Beam Optics, New York: Interscience, 1965,

8. Assumptions

The following assumptions are made for the distortion c'al_culations of
the divérging electron beam from 't.he 730 machine:

.(a._) Assume that phase space 'are:a .is conserved for the drifting beam
mode, | o o .

(b) Assume the beam behaves "properly' in a qué.drupolé_.

'mnmuwumummmmummulimummnmumn
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{c) Assume the electron beam kinetic energy is 3 MeV Iand that the
".standa..;cd .c'l.eviation of the kinetic energy distribution is 0.75 MeV (this is
a FWHM of 60 per cent). If the focal length at 3 MeV is F, then for the
.same quadrupole-magnet ‘setlting, the focal length . at 2._25 MeV is (2_.2_5/3)F, :
‘and at 3.75 MeV is (3.75/3)F |

(d) Assume the electron beam necks down just outside the anode to
a beam diameter of 2 cm with a maximum half angle of divergence of 0.15

| fadiaﬁs. Then at the neck of the bearh.

H
ol
1

X

1 g:m.
o - o .
X! = Y' = 0.15 radians
o 0
¢:§6 - qJyo ) 0 _
A = A = 1‘rX0 X:a cos 2 ¥ = 0.47 cm radians

X v.

Measure downstream distance z from this neck in the beam. (This simplifies

calculations).

9. Calculation of Distortions to Circular Elecf.ron Beams

(a) Simplified Phase Space Shape.
It is sometimes a simplification to assume the following parallelogram
shape in phase space. . | |

o

N R A : L ,;Os‘c:
- t ﬁw Y ' bf - o \ /‘ZZ?/"Q//E’/QL?/JJ.?" -
e o B ”;ﬁ{, ﬁ” °""fhe pAa.ra._llelo gram is a useful %”g::::ﬁ:ﬁ;fﬁgmwe.
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It is then only necessary to follow the four points m, n, | C,- p,. through én)}
__lineé.r transport system and this can bé done quickly with very simple 7
algebra or with graphical methods. Beam sizeé so obtained will always be
larger than beam sizes obtained from the enclosed elliptical phase space
shape. The results of such ray tracing of the four corners of a_parallelo_gfam

are shown in Figures 7 - 12 inclusive.

 Here the beam is assumed to drift in free space from the beam neck
‘near the anode to the quadrupole lens and Figure 6 shows this for the three

distances Z = 5, 10, 30 cm.,

A\ tadans) A= ’zz/é?aa?ény A =c/(Radiasms) / \ = /Kéédzensj
5 - ’ | . - oy -
/0 5
&)
. —t - LS
1 2=0 =57, Z=/0cm | = BOcw

- (Beam neufs’)

F.IQURE 6. Beam drifting from beam Walst to quadrupole 1oca,ted .
| at Z = 5, 10, 30 cm. -

The quadrupole magnet is then assumed to be ad_]usted to give a maximum

TN | " 30 deflectlon and the four rays are drawn in using the lens formula

" THIS DATA SAALL WOT B DISCLOSED UTSIDS THE SCYLEWITHT OR BE SUPLICATED. UTID 0N DISCUIED
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.where A8 is the angular deflection given by a quadrupole of local length F

to a ray at radius r in the quadrupole.

The ray diagratn.s' for the three energieé 2.25 MeV, 3.00 MeV, ard
'3.75 MeV are included and are obtained from the‘l"ens formula by using

F(E) = 5%5 F (3.00).

The resulting envelope of the three ray systems is the overuall_enveldpe
of our beam, or at least is an envelope whi_ch'rw.ill contain well over 50 per
cent of the beam. The resulting elliptical cross-sections are sketched in

Figures 10, 11 and 12.

(b) Elliptical Phase Space Shape

Figures 13 and 14 show the re.surlts of transporting one ellipse with
three different kinetic energies through a quat.ir-upole lens 30 cﬁl from the
" beam neck. Comparison of Figures 13 and 9 show close ;similarity'for the
ellipse and parallelogram cases and as expected beam cro.ss—se.,.ctions for’

the 'ellip_tical case are smaller,

10. Conclusions

~With reference to Figures 10, 11,. 12/and 14, it is obvious that =~ :
tnajor axis )

 distortion parameters of 8 are obtainable. (Distortion parameter = — :
: . _ o : i - ST . minor axis
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To obtain larger distortion parameters o.ne or more of_the following
must be tried. )
: (2) Reduce kinetic energy spread of the electron beam,
- {b) Use quadrupoles of higher power, A o . . : L
| (c) Pass the highly distorted electron beam into a pinch chamber.,__ -
It is the author's belief (or hope) that the ellipse will then 'clap'" down into

a fine line. This is shown in Figure 15.

ek bcam (61 For)—s

y
\

Dy Flng bearr (2torr}

4 w//?’é{Ode)

o FIGURE\ 15. Focus followed by pinch.
T, -
‘\ ___//; i . - - - - o
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The pros-pe'ct.s of analytical and experimental work on this problem

“are exciting. This report is an attempt to bring the "real world" into an

analysis, i.e., finite phase space area and energy spread are included.

The real world however, must be looked at expéfirnentally and a very brief

series of experiments repo'ﬂ‘:e'd in PIIR-30-67 by L. Hatch has shown that

drifting electron beams are indeed distorted by a quadrupole magnet.
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